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Abstract

Diffusion and score-based generative models have achieved remarkable sample
quality on difficult image synthesis tasks. Many works have proposed samplers
for pretrained diffusion models, including ancestral samplers, SDE and ODE in-
tegrators and annealed MCMC approaches. So far, the best sample quality has
been achieved with samplers that use time-conditional score functions and move
between several noise levels. However, estimating an accurate score function at
many noise levels can be challenging and requires an architecture that is more
expressive than would be needed for a single noise level. In this work, we explore
MCMC sampling algorithms that operate at a single noise level, yet synthesize
images with acceptable sample quality. We show that while näive application of
Langevin dynamics and a related noise-denoise sampler produces poor samples,
methods built on integrators of underdamped Langevin dynamics using splitting
methods can perform well. Our samplers also have great diversity, allowing many
samples to be generated in a single long-run MCMC chain. Further, by combining
MCMC methods with existing multiscale samplers, we begin to approach competi-
tive sample quality without using scores at large noise levels. Find videos and code
at https://ajayj.com/journey.

1 Introduction

Given access to samples from a target density x ∼ p(x), generative modeling aims to learn a model
of the density that can be used to generate new samples. While directly estimating the density of p(x)
may be challenging, the task can be simplified by modeling a sequence of smoother distributions.
Score-based generative modeling learns the score functions for a sequence of smoothed distributions
that go from no noise (matching the data density) to entirely smooth (matching a Gaussian density)
[22, 23, 20, 10]. These smoothed distributions are specified via a tractable Gaussian noising process
on the clean data: p(zt|x) , N (αtx, σ

2
t I), where the resulting marginal distribution of the smoothed

density at noise level t is given by p(zt) =
∫
p(zt|x)p(x)dx. The score function for this smoothed

density can be learned from data using denoising score matching [24] so that s(zt; t) ≈ ∇ log p(zt).

Our work studies approaches for generating samples from this learned sequence of score functions.
Prior work has focused on methods that utilize all noise levels from this sequence to generate samples,
annealing from high noise levels to low noise levels over the course of the sampling process. Song and
Ermon [22] build an annealed Langevin dynamics approach where an overdamped Langevin sampler
is run at each noise level decaying from high noise to low noise. [23] uses these score functions
to integrate an SDE that corresponds to the reverse of the forward noising process. Sampling by
integrating the reverse SDE requires discretizing time, which introduces error that can be corrected
with MCMC. The integration step, or predictor, reduces the noise level, and corrector steps can be
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Figure 1: Steps along a single sampling chain for the caption“a DSLR photo of a large basket of
rainbow macarons”with Stable Diffusion v2. Existing diffusion samplers like DDIM (top) generate a
single image per sampling trajectory and require scores at many noise levels. Our noise-denoise� = 2
and BAOAB-limit samplers (bottom) freely traverse between modes, showinggreater diversity
within a chain, andonly use a single noise level.

run to move the sample back towards the marginal for that smaller noise level. In [23], methods are
explored that either just run corrector steps like in annealed Langevin dynamics, just run predictor
steps to integrate the reverse SDE, or hybrid methods that alternate predictor and corrector steps.
Improvements in MCMC could be leveraged in either annealed Langevin dynamics-based sampling
approaches or in the corrector step of these hybrid approaches.

We are interested in developing methods that can not only improve the sampling quality in this
“annealed” regime where all noise levels are used, but also can act as effective samplers from single
or a reduced set of noise levels. Generating from a reduced set of noise levels could lead to two types
of improvements. First, training is more ef�cient if the score function approximator can be trained
on a reduced set of noise levels. Past work on text-to-image diffusion models improves quality by
training separate models for different noise levels [1, 7], but a subset may suf�ce. Second, we could
improve sampling ef�ciency by not running over all noise levels. Using annealed samplers with
models like [1, 7] is cumbersome since model weights need to be switched across noise levels. If
we are able to build effective MCMC samplers for individual noise levels that were able to mix well
between modes, then there could be an additional speed improvement from the ability to generate a
diverse set of samples from a single chain (as in strided sampling in MCMC).

In this work, we explore MCMC-based methods with momentum for improving sampling in score-
based models. Our experiments began when we discovered a simple modi�cation of an existing
sampling method that performed rather well, both when annealed and when sampling single noise lev-
els. After an extended literature search over many months, we found this update actually corresponds
to an integrator of the underdamped Langevin dynamics (ULD) known in molecular dynamics as
BAOAB-limit [ 13]. We explore this and several other integrators of ULD in the context of score-based
models, and �nd that they are effective at producing samples from asinglenoise level of a pretrained
score model, as well as when used in annealing approaches over multiple noise levels. We believe
these MCMC methods may be useful in applications where typical diffusion sampling breaks down.
In the future, we hope to explore dif�cult settings like using guided sampling from classi�ers or
introducing strong conditioning.

2 Sampling Algorithms

2.1 A simple, blurry baseline, and a bug that leads to a surprisingly effective generalization
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Figure 2: Comparing noise-denoise and
our generalized sampler with an an-
nealed noise level. We use the GLIDE
�ltered text-to-image model [14] condi-
tioned on the caption“a photograph of a
corgi” . Left: Noise-denoise with� = 1
is oversmoothed, though classi�er-free
guidance adds some detail.Right: More
details appear as� approaches2 (our ac-
cidental sampler, called BAOAB-limit).

Generating samples from a single noise level is challeng-
ing as we need a way to map from a noisy sample back
to something that looks like denoised data. Given a noise
processp(zjx) = N (�z; � ), we can use an approximate
score to estimate the posterior mean via Tweedie's for-
mula [15, 5]: x̂(z) , E [X jz] = ( z + � 2s(z))=� . If � 2

is small andz � p(z), thenx̂(z) will be a good sample
from p(x). As a simple baseline sampler, we considered
alternating adding noise to the image and denoising:

� i +1 � N (0; I ); zi +1 = �x i + �� i +1 ; Noise

x i +1 = x̂(zi +1 ) Denoise (1)
Bansal et al.[2] refer to(1) as näive sampling. We can
rewrite the update with Tweedie's formula:

x i +1 = x̂(zi +1 ) = ( zi +1 + � 2s(zi +1 ))=�

= ( �x i + �� i +1 + � 2s(zi +1 ))=�

= x i + �=� � (� i +1 � �̂ (zi +1 )) (2)

where�̂ (zi +1 ) = � � s (zi +1 ) is the prediction of the noise that was added. However, the noise-
denoise update produces blurry samples, shown in Fig. 2 (top left) using the GLIDE model [14] and
annealing the noise level� gradually. Fig. 3 (left) shows similarly poor quality with an unconditional
CIFAR10 model, both at single noise levels and when annealing. During experiments, we accidentally
duplicated update step (2):

z_next = alpha� x_prev + sigma� eps # add noise tox i

epshat = epshat_predictor(z_next) # predict noise with model
x_next = x_prev + sigma / alpha� (eps� epshat) # setx i +1 to x̂(zi +1 )
x_next = x_next + sigma / alpha� (eps� epshat) # bug! redundant step

Surprisingly, this noise-double-denoise update performed remarkably well! Generalizing, we get:
zi +1 = �x i + �� i +1 ; x i +1 = x i + ��=� (� i +1 � �̂ (zi +1 )) Generalized noise-denoise (3)

Fig. 2 shows sampling trajectories when sweeping� in (3). For � = 1 , the noise-denoise method,
we collapse to a constant oversmoothed image. Adding classi�er-free guidance [9] improves sample
quality for short chains (second row), but still is blurry. Running the sampler for longer even further
deteriorates quality. Our surprisingly effective but accidental sampler with� = 2 produces good
text-to-image samples (right), even without guidance.

2.2 Understanding the generalized sampler as correlating noise in Langevin dynamics

We hypothesize that noise-denoise is mode-seeking, and modes of likelihood-based models are known
to have poor samples in complex distributions. To understand this, we rewrite updates inz-space:

zi +1 = � x̂(zi ) + �� i +1 One step of noise-denoise

= � (zi + � 2s(zi ))=� + �� i +1 Substitute Tweedie's for̂x

= zi + � 2s(zi ) + �� i +1 Noise-denoise in z-space (4)
Eq. (4) resembles overdamped Langevin dynamics (OLD), which uses step size� and the update:

zi +1 = zi + �s (zi ) +
p

2�� i +1 ; � i +1 � N (0; I ) Overdamped Langevin (5)

Setting� = � 2, OLD follows zi +1 = zi + � 2s(zi ) +
p

2�� i +1 , i.e. the same step size as noise-
denoise, but withadditional noiseinjected to the iterate after every step. The extra noise avoids
the mode collapse present in the noise-denoise sampler and turns the heuristic update into MCMC.
Similarly, we can rewrite the� = 2 setting of the generalized update (3) in z-space:

zi +1 = zi + 2 � 2s(zi ) + �� i +1 + �� i ; � i +1 � N (0; I ) (6)
Unlike overdamped Langevin(5), our update(6) depends on thenoise added at the previous iteration,
and the scale on the noise is different. It is similar to OLD with� = 2 � 2, but reusing half of the noise.
Empirically, Langevin performs much worse with this step size (Fig. 3B). A heuristic for adapting
the step size to score norm from [23] (their Alg. 5) improves OLD samples, but(6) was more robust.
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Figure 3: MCMC methods can sample images with reasonable quality, even at a single noise level
(top two rows). The stateless sampler,(A) denoise-noise, produces overly smooth images, while(B)
discretized overdamped Langevin MCMC fails to converge. In contrast, splitting methods from MD
like the(C) in�nite friction limit of the BAOAB sampler and(D) �nite friction OBABO sampler
have reasonable quality.(E-F) Tuning step sizes to be adaptive based on the norm of the score
function [23] improves sample quality.(G) Re�ning single noise level samples with the DDIM
predictor signi�cantly boosts quality without using large timestep score estimates, unlike(H).

2.3 Underdamped Langevin, splitting methods, BAOAB-limit and OBABO sampling

We sought to �nd the exact update(6) in the literature. It is tantalizingly similar to OLD, but the
reuse of� resembles a momentum-based sampler. We turned tounderdampedLangevin dynamics
(ULD), an SDE (7) that de�nes the evolution of positionz and momentump variables:

dz = M � 1pdt dp = s(z)dt � 
pdt + �M 1=2dW; (7)
wheredW is a stochastic Wiener process (Brownian motion) injecting noise into the momentum term,

 is a friction coef�cient, andM is a mass matrix that we set to the identity matrix. Many works
propose methods for integrating the Langevin SDE(7). At a high level, integrators follow an Euler-
Maruyma discretization scheme, or use splitting methods. Splitting methods offer ef�cient integrators
for many dynamical systems by breaking apart an SDE into parts, exactly solving individual parts
of the SDE alone, and using the solution to form partial updates to the parameters. The vector �eld
de�ned by the ULD SDE can be split into three terms labeled A, B, and O [13, 8, 3]:

d
�
z
p

�
=

�
M � 1p

0

�
dt

| {z }
A

+
�

0
s(z)

�
dt

| {z }
B

+
�

0
� 
pdt + �M 1=2dW

�

| {z }
O

(8)

Here, A is an update to the position,B is an update to momentum driven by the score function, and
together A and B are Hamilton's equation. O is often referred to as a partial momentum refreshment,
labeled O after the Ornstein-Uhlenbeck process. Splitting methods to solve ULD choose a repeated
order for solving these parts. Repeatedly alternating ABABA corresponds to leapfrog steps in HMC.
There are a variety of methods for integrating Langevin dynamics based on different orderings, e.g.
BAOAB, ABOBA. For conditional score sampling, we found that the updates of [8] did not perform
well. In Dockhorn et al.[4], we found a reference to splitting methods commonly used in molecular
sampling [13], which presents an update based on the BAOAB ordering. BAOAB can be simpli�ed
to our setting:

pi +1 = c(pi +
p

2�s (zi )) +
p

1 � c2� i +1 ; zi +1 = zi + �s (zi ) +
p

�= 2(pi +1 + pi ) (9)

wherec = e� 

p

2� , � is a step size, and
 is friction. Taking the limit as
 ! 1 soc = 0 , we arrive
at theBAOAB-limit update wherepi +1 = � i +1 :

zi +1 = zi + �s (zi ) +
p

�= 2(pi +1 + pi )

Or, zi +1 = zi + �s (zi ) +
p

�= 2(� i +1 + � i ) (10)
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